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1. Background and Theorem Statements. 

Let Q be a smooth two-dimensional surface in R 3 , and let a be a point on Q. We 
consider the Fourier transform of a small portion of the surface near a, localized using a 
smooth bump function supported near a. After a translation and rotation, without loss of 
generality we may take a = (0,0,0) and assume that (0,0,1) is normal to Q at the origin. 
In this situation, we are looking at the following, where <f>(x, y) denotes a smooth real- 
valued bump function supported near the origin and where S(x, y) denotes the function 
whose graph is given by Q. 

T(X 1 ,X 2 ,X 3 ) = [ e iX ^ x ^ +iX2X+iXsy (j>(x,y)dxdy (1.1) 

Note that S(0, 0) = and VS'(0, 0) = (0, 0) due to our assumption that (0, 0, 1) is normal 
to Q at the origin. When S(x, y) is flat to infinite order, one gets very poor decay (if any) 
in Ai when A2 = A3 = and there can be other pathologies, so we always assume that at 
least one partial d^d^S(0, 0) ^ 0. 

When A2 = A3 = 0, the function U(Xi) = T(Ai,0,0) becomes a standard scalar 
oscillatory integral, and it is well-known (see [AGV] ch. 6) that when S(x, y) is real- 
analytic, if 4> is supported in a sufficiently small neighborhood of the origin then as Ai — > 00 
one has an asymptotic development of the form 

*7(Ai) = c s , (j} X^(lnX 1 ) m + o(Ar e (lnA 1 ) m ) (1.2) 

Here m = or 1, and the pair (e, m) is independent of and determined by the resolution 
of singularities of S(x, y) at the origin. The constant cs,<f> will be nonzero whenever (p 
is nonnegative with 0(0,0) > 0. When Ai is negative, then U(Xi) is just the complex 
conjugate of ?7(|Ai|) . Thus an expansion of the form (1.2) in |Ai| also holds as Ai — > —00. 

In the more general smooth case, in [Gl] it is shown there is always an (e, m) 
with e > and m = or 1 such that for |Ai| > 2 one has an upper bound 

|tr(Ai)|<c 5 ^|Ai|- e (ln|Ai|) m (1.3) 
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We stipulate that |Ai| > 2 to avoid trivial cases where one has to change the formula due 
to the fact that ln(l) = 0. This (e, m) has the property that if is nonnegative with 
0(0,0) > 0, then (1.3) will not hold for (e',m') with e' > e, or for e' = e with m' < m. 
It was then shown in [IM] that most of the time one even has a development of the form 
(1.2). 

Note that in (1.1), if for a given S > one has | A2I + I A3] > S\Xi\ then if the support 
of is sufficiently small (depending on S) the gradient of the phase in (1.1) is nonvanishing 
throughout the support of 0. Thus one can do repeated integrations by parts and for 
any N one can quickly get an estimate of the form |T(A)| < Cn\X\~ n . Thus one always 
assumes that | A2 1 + | A3 1 < S\Xi\ for some small but fixed S. In part because of this, in 
much of the work concerning the oscillatory integrals (1.1), people have viewed (1.1) as 
perturbations of U(X\) and proven upper bounds of the form |T(A)| < C , 5 ) 0|Ai| _<E (ln |Ai|) m , 
where e and m are as in (1.2) or (1.3). In particular, in the real-analytic case, a theorem of 
Karpushkin [K1]-[K2] says that one always has upper bounds of this form. In the smooth 
situation, for the case where e > | such upper bounds are a consequence of [D], and 
for the e < | situation these upper bounds are proven in [IKeM] [IM]. One can obtain 
stronger results if one restricts to specific classes of functions, such as when the Hessian 
determinant is nonzero (where one has the strongest decay), the convex case considered in 
[BNW] [CoMa], or the class of surfaces in [ESa]. Curvature has often played a prominent 
role in such theorems. 

We now let \x = (A2, A3), so that A may be written as (Ai, fi). Our first theorem 
says that in the general real-analytic case, one has \T(Xi, fi2)\ < Cs,<i>\ij\~^ • It goes 
beyond what follows from the perturbation results (Karpushkin's theorem) when e < |. 

Theorem 1.1. Suppose S(x,y) is real-analytic. There is a neighborhood V of the origin 
such that if is supported in V then for some constant Cs we have the following, where 
denotes the magnitude of the vector (^i,/^)- 

\T(X 1 , f i 1 ,V2)\<Cs\^\\<t>\\ c i(v) (1-4) 

It can be shown that for many specific phases one gets a better exponent than \ 
in (1.4), but 2 is the best exponent that holds for all phases, as can be seen when S(x, y) 
is a function of x or y only. Typically one does not expect to get a better exponent than 
1. This is because that is the decay rate for nondegenerate phases, so if one chooses 
supported in a small ball where V S and the Hessian determinant of S are nonvanishing 
(assuming one exists) one will get a decay rate ~ which can be seen by examining 

the I A 1 1 ~ I /ix I range and letting |/x|, |Ai| — > 00. 

The next theorem will provide a new proof of the perturbation results for general 
smooth phase when e < |. In the terminology of Varchenko [V] and later papers, this 
corresponds to when the height of S is at least 3. Although such results are known 
by [IKeM] [IM] , we give a new proof here to illustrate that such theorems can be proven 
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relatively quickly with an appropriate resolution of singularities theorem, without reference 
to adapted coordinates and so on. While there are commonalities between the proof 
of Theorem 1.2 and the arguments in [IKeM] [IM] , there are also substantial differences 
due to the use here of the resolution of singularities theorem of the next section and its 
consequences such as Lemma 2.2, as opposed to the type of subdivisions made in those 
papers. Furthermore, since our arguments are based solely on applying one-dimensional 
Van der Corput theorems in conjunction with the resolution of singularities theorem, we 
only require that the cutoff function <p is C 1 while the earlier smooth theorems assumed 
it was at least C 3 . 

Theorem 1.2. Suppose S(x,y) is smooth and (e, m) is as in (1.3). If e < |, then there is 
a neighborhood V of the origin such that if 4> is supported in V then for |Ai| > 2 one has 

\T(X uf i uf i 2 )\ < CslAil-QnlAiinHIc!^) (1.5) 

Again the |Ai| > 2 condition is here to avoid concerning ourselves with trivial cases where 
one has to change the formula due to the fact that ln(l) = 0. 

PDE applications. 

We now assume S(x\,x 2 ) is real-analytic on some open ball B centered at the 
origin. Suppose f(x) is a complex-valued function on R 2 such that /(£) is L 1 and is 
supported in B. Let F denote the Fourier transform, and define S(—id) to be the operator 
such that F(S(—id)f)(£) = £(£)/(£)• When / is a function of (t,xi,x 2 ) we interpret this 
to be this multiplier operator in the x and y variables, with t fixed. In Section 5, using 
Theorem 1.1 along with the general real-analytic version of Theorem 1.2 (i.e. Karpushkin's 
work) we will prove the following. 

Theorem 1.3. Suppose (e,m) is as in (1.3) for a real-analytic S(x,y) and e < |. If B is 
sufficiently small, then the following holds. Let 1 < p < oo. For g such that g G C£°(B), 
let /(£, x\,x 2 ) be the solution on R 3 to the partial differential equation 

df 

— (t,x 1 ,x 2 ) = iS(-id)f(t,x 1 ,x 2 ) 

f(0,x l7 x 2 )=g(x 1 ,x 2 ) (1.6) 

Then if 1 < q < oo satisfies ^ — ^ + | < there is a constant C Pj(1: s such that one has the 
estimate 

ll/ll, < C p , q , s (\t\ +2) 4e (i-i+t)(i n( | t | +2 ))- 4 -(i-i+l)||£|| p (i.T) 

The same is true if ^ — ^ + | = 0, as long as p ^ 1 and q ^ oo. Here the L p and L q norms 
are in the x variables. 

We have the condition e < \ in Theorem 1.3 since when e > | one can get a 
stronger result by relatively rudimentary means. Consider now the case where S(x\, x 2 ) > 
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in a neighborhood of the origin, and consider the oscillatory integral R(X\, fj,i, ^2) defined 
by 

R(\i, Hi, fM 2 ) = [ e- XlS ( Xl > x * )+if * lXl+i ^ x *<j)(x 1 ,X2)dx 1 dx2 (1.8) 

JR 2 

In other words, we replace the iX±S(xi, X2) in (1.1) by — \\S{xi, X2). In Lemma 5.1, we 
will see (by a much easier argument than those proving Theorems 1.1 and 1.2) that if the 
support of is sufficiently small then for Ai > 2 one has an estimate 

\R(X 1 ,fi 1 ,^2)\<Cs, (t> mm(Xr(\nX 1 ) m ,\^- 1 ) (1.9) 

Then in analogy to Theorem 1.3, one has the following theorem. 

Theorem 1.4. Assume S is real-analytic and nonnegative on a neighborhood of the 
origin. If B is sufficiently small, then the following holds. Let 1 < p < 00. For g such that 
g G C%°(B), let f(t, x\,X2) be the solution on R 3 to the partial differential equation 

df 

— (t,xi,x 2 ) = -S(-id)f(t,x 1 ,x 2 ) 

f{0,x 1 ,x 2 ) = g{x 1 ,x 2 ) (1.10) 

Then if 1 < q < 00 satisfies - — - + | < 0, there exists a constant C P} q } s such that for 
t > one has estimate 

11/11, < C p , q , s (t + 2) 2e <*-* + *>(ln(t + 2))" 2 ^i-i + ^ \\g\\ p (1.11) 

The same is true if | — | + \ = 0, as long as p 7^ 1 and q ^ 00. Here (e, m) is as in (4.2) 
for S(x, y), and the L p and L q norms are in the x variables. 

Theorem 1.4 can be used to relatively quickly give the following. Here [S(—id)] s 
refers to the operator with Fourier multiplier (S(£i, ( we wm om y be considering it 
on £ domains where S(^i,^ 2 ) is nonnegative). 

Theorem 1.5. Again assume S is real-analytic and nonnegative on a neighborhood of 
the origin, and again let (e, m) be as in (4.2) for S(x,y). If B is sufficiently small, then 
the following holds. Let < 5 < e. For g such that g G C^°(B), let f(xi,x 2 ) solve the 
equation 

[S(~id)] s f = g (1.12) 

Then if p G [1, 00) and q G (1, 00] such that 1 — ^ + | + ^ <0, one has an estimate of the 
form 

\\f\\ q <C p , q , s \\g\\ P (1.13) 
When m = 0, the same is true if | — ^ + | + ^ = 0, so long as p 7^ 1 and q ^ 00. 

The condition that 5 < e is needed in Theorem 1.5 for the statement to make 
sense; if 5 > e then S(C,i,^2)~ S is not integrable on a neighborhood of the origin and one 
cannot even automatically refer to the solution to (1.12). 
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Theorems 1.3-1.5 are not intended to give the best possible exponents, or in 
the case of Theorems 1.3-1.4, the best possible powers of \t\ and ln|t|, for any particular 
S(x, y). Rather, they are illustrations of how one may interpret in terms of PDE theorems 
the combination of Theorem 1.1 and 1.2 or their analogues for R(Xi, /xi, 1x2)1 m such a way 
as to give estimates for any given S(x, y). 

2. The Resolution of Singularities Theorem. 

Suppose f(x, y) is any smooth function on a neighborhood of the origin such that 
/(0, 0) = and such that the Taylor expansion of / at the origin has at least one nonvanish- 
ing term. After a linear change of coordinates if necessary we may assume that if k denotes 
the order of the zero of f(x, y) at the origin then the Taylor expansion ^ a /3 fap^D 13 of 
/ at the origin contains both a nonvanishing fkox k term and a nonvanishing foky term. 
We will now apply the resolution of singularities algorithm of Theorem 3.1 of [G2] in the 
following fashion. We divide the xy plane into 8 triangles via the x and y axes as well 
as two lines through the origin, one of the form y = rax for m > and one of the form 
y = rax for m < 0. For certain technical reasons, these two lines cannot be ones on which 
the function fo(x,y) = J2 a+ p= k f a f3X a y 13 vanishes. After possible reflections about the x 
and/or y axes and/or the line y = x, modulo its boundary each of the triangles is of the 
form B a = {(x, y) E R 2 : x > 0, < y < ax}. 

We now apply Theorem 3.1 of [G2] to the (reflected) f(x,y) on the portion of B a 
contained in a sufficiently small neighborhood of the origin. Actually, we apply a slight 
variant. If in the first step of the proof of Theorem 3.1 of [G2] one does a coordinate change 
of the form (x, y) — > (x, y+cx+ higher order terms), instead we just do a coordinate change 
(x, y) — > (x, y + cx). This has some technical advantages; see the proof of Theorem 2.1 d) 
below. Other than this, we do exactly the algorithm of Theorem 3.1 of [G2]. The following 
theorem is then a consequence of Theorem 3.1 of [G2]. 

Theorem 2.1. Suppose B a = {(x,y) G R 2 : x > 0, < y < ax} is as above. Abusing 
notation slightly, use the notation f(x, y) to denote the reflected function f(±x, ±y) or 
f(±y, ±x) corresponding to B a . Then there is a b > and a positive integer N such that 
if F a denotes {(x, y) E R 2 : < x < 6, < y < ax}, then one can write F a = U" =1 c/(L>j), 
such that for to each i there is a ipi(x) with ipi{x N ) smooth and ipi(0) = such that 
after a coordinate change of the form rji(x, y) = (x, ±y + ipi(x)), the set Di becomes a set 
D[ on which the function / o r/i(x,y) approximately becomes a monomial diX ai y^\ on a 
nonnegative rational number and a nonnegative integer as follows. 

a) D[ = {(x,y) : < x < b, Qi(x) < y < Gi(x)}, where gi(x N ) and Gi(x N ) are smooth. If 
we expand Gi(x) = HiX Mi + then Mj > 1 and Hi > 0, and consists of a single term 
HiX Mi when fa = 0. The function gi(x) is either identically zero or can be expanded as 
hiX mi + ... where hi > and rrii > Mi. 

b) If fa = 0, then gi(x) is identically zero and there are constants and Ei such that on 
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D[ one has 

e lX a * <\fo Vt (x,y)\<E t x a * (2.1) 

Furthermore, if one Taylor expands / o i]i(x, y) in powers of and y as ^ a ^ F a ^x a y 13 , 
then on < a + M$ for all (a, f3) such that F a ^ 7^ 0, with equality holding for at least two 
(a, /5), one of which is (a^, 0) and another of which satisfies /3 > 0. 

c) If /3j > 0, then one may write / = fi + / 2 as follows. / 2 o 77^(0;, y) has a zero of infinite 
order at (0, 0) and is identically zero if / is real-analytic, f\ orji(x N , y) is smooth and there 
exists a J t 7^0 such that for any predetermined S > the D\ can be constructed such that 
on D' i: for any < I < &i and any < m < one has 

\d l x d™(h o Vi )(x, y) - mica - l)....(ai - I + - - m + lRa^-y<-™| 

< (Jldilx"'- 1 /'""* (2-2) 

d) If /?i = and we write ipi(x) = kiX Ti + then either ifti(x) = kix for some hi or the 
expansion of tpi{x) has at least two nonvanishing terms. In the latter case we can write 
ipi(x) = kiX + liX SlJ r higher-order terms (if any), where ki,k 7^ and 1 < Sj < Mj. 

Proof. Part a) is part of the statement of Theorem 3.1 of [G2], other than the form of the 
upper edge of D\ when /3j = 0, which is given in the proof itself. Parts b) and c) similarly 
are contained in the statement of Theorem 3.1 of [G2], other than the last sentence in part 
b), which is also part of the proof. Part d) is a consequence of the fact that in the version 
of the algorithm here, for a D[ with = the first coordinate change (if any are needed) 
is of the form (x,y) — > (x,y + k^x), ki 7^ 0. If additional coordinate changes are needed, 
then the second coordinate change will of the form (x,±y + liX Si + higher order terms), 
and the resulting Mi ends out being greater than sf, the Mj increase with each iteration of 
the resolution process and after the second coordinate change is already greater than Sj. 

The next lemma is a consequence of Theorem 2.1 we will need for our arguments. 

Lemma 2.2. Suppose D[ is such that = 0. Then on [0, b] x [0, Hi] we may write 

/ o ^x, x M *y) = x ai n(y) + Ei(x, y) (2.3) 

Here r(y) is a polynomial that doesn't vanish on [0, Hi] and there is a 5 > such that for 
any I > there is a constant Cu such that Ei(x, y) satisfies 

\d l x Ei(x,y)\<Cux ai+s - 1 (2.4) 

Proof. Again write for)i(x, y) = ^ Q ^ F a ^x a y l3 . By part b) of Theorem 2.1, the minimum 
of a+Mi/3 in the sum above is aj and furthermore F au0 7^ 0. Let qi(x, y) be the polynomial 
Ea+M,/3=a i F a ^x a y p . Then by mixed homogeneity we may write q^x, y) = x ai qi(l, J*-). 
We now do a partial Taylor expansion of / o rji(x, y) in the form 

fo Vi (x,y) = qi(x,y)+ ^ F a ,px a y p + 0(x K ) (2.5) 

cti<a+Mi/3<K 
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Here K is a large number determined by our arguments. We have an 0(x K ) and not an 
0(x K ) + 0(y K ) remainder term here because < y < HiX Mi on D\. Next, note that (2.5) 
implies 

for H {x,x M 'y) = x a *q i {l,y) + £ F a ^x a+M > V + 0(x K ) (2.6) 

on<a+Mil3<K 

By Theorem 2.1 b), there are positive constants and E t such that on (0, b] x [0, Hi] one 
has 

e, < 1/°^^)! < Ei (2.7) 

x ai 

So by dividing by x ai and taking limits as x — > in (2.6) we have that qi(l,y) ^ for 
< y < i^i- Thus Lemma 2.2 holds if we take r^(y) = qi(l,y) and <Xj + o" to be the 
least value of a + Mij3 for which F a ^ is nonzero other than af, each time one takes an 
x derivative each term in the sum of (2.6) loses a degree in x, as does the 0(x K ) term. 
Thus as long as K is chosen sufficiently large (depending on /) the conclusions of Lemma 
2.2 follow. 



3. Proof of Theorem 1.1. 



Let k > 2 denote the order of the zero of S(x,y) at the origin. Doing a linear 
coordinate change if necessary, we may assume that the Taylor expansion d y S(x, y) = 
Sapx^y 13 has a nonvanishing Sk-iox k ~ 1 term and a nonvanishing <Sofc-i2/ fe_1 term, 
and that the same as true for d x S(x, y). We henceforth assume \^\ > \ as the \^\ < |a*i| 
case can be done by reversing the roles of the x and y axes. We apply Theorem 2.1 to 
d y S(x,y). Let {-D«}?=i be the resulting domains. We let V be an open disk centered at 
the origin such that the cl(Di) cover V; this will be the set V of Theorem 1.1. Letting 
be any cutoff function supported in V, define Tj(Ai, fj,\, 112) by 

Ti(A 1 ,// 1 ,^ 2 )= / e iXlS ^ +i ^ x+i ^y(l>(x,y)dxdy (3.1) 

Since I/X2I > |a*i|, to prove Theorem 1.1 it suffices to show for each % there is a constant C 
depending on S such that for \fx\ > 2 we have 

|^k(Ai,yui,M2)| < C\n2\-*\\<i>\\ci(y) (3.2a) 

(If < 2 one may just take absolute values and integrate to get the result). The % for 
which rji(x) in Theorem 2.1 is of the form (x, —y + ipi(x)) are dealt with the same way as 
the i for which rji(x) is of the form (x, y + ipi(x)), so we always assume rji(x) is of the latter 
form. 



Write Ti(Ai,^i,/i 2 ) = T^(Ai, ^2) + Zf (Ai, /xi, // 2 ), where 

T l 1 (X 1 , f i 1 , f x 2 )= [ e tX ^ x ^+^ x+t ^y ( j ) (x,y)dxdy (3.3a) 

J{(x,y)6D l :| M2 |>2|A 1 a !/ 5(x,y)|} 
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T?(\ 1 ,fi 1 ,n 2 )= f e iXlS ^ +if " lX+i ^ y 4)(x,y)dxdy (3.3a) 

J{(x,y)eD l :|M2|<2|A 1 a !/ S(x,y)|} 

We bound I^(Ai, fii, jJL 2 ) first. We rewrite (3.3a) as 



i\iS{x,y)+i^2 

we need, 
value by 



Tl{\ u ^^ 2 ) = [ (t\ 1 S(x,y) + ifi 2 )e^ s ^+^ x+ ^y 

i{(x,y)6D i :| At2 |>2|A 1 c> ! ,S(x,y)|} 

x rr g / 1 x , ■ <p{x,y)dxdy (3.4) 

Note that since | /X2 j > 2|Ai5 y 5(x, y)| in the domain of integration, in the above integra- 
tion we have \i\\S(x, y) + 1^2] > §|a*2|- This implies that we may integrate by parts in 
(3.4), integrating (iAi£(x,y) + in 2 ) e iXlS ^ x ' y ^ +i ^ lX+i ^ y an d differentiating the other two 
factors. If the derivative lands on <p(x, y), we take absolute values and integrate, using that 
< The result is a bound of Cj^j H^Hc^v)) a better bound than what 
we need. If the derivative lands on c> 1 , , . — , we obtain a term bounded in absolute 

chv) [ TfTW^^ v dxd y ^ 

Because of the linear coordinate change performed at the beginning of the argument, 
\dyS(x, y)\ 7^ on the domain of integration of (3.5). Thus for fixed x, there are boundedly 
many segments on which 1^5(^)1 _ _|_ d vv s ^^y) Q n segment one can 

J to (dyS(x,y)+fj, 2 ) 2 (dyS(x,y)+fj, 2 ) 2 to 

integrate back ± ,» 9 yy s ^ ,yS> to obtain T » ct 1 vt — , similar to in the proof of the Van der 

° (d y S(x,y)+V2) 1 ' d y S(x,y)+H2 ' 1 

Corput lemma. Since I dyS {x] y )+^2 1 - 2 jk]' we get that ( 3 - 5 ) is bounded h Y C J^\W^Wchv): 
the same bound as we had for the other term. Lastly, we observe that the endpoint terms 
in the integration by parts also give a bound of Cy^y II 011c 1 (V)- 

We now proceed to bounding T?(Ai, fii, 112)- The argument from this point on is 
done somewhat differently if fa > or fa = for the domain Di , where fa is as in Theorem 
2.1, which we recall we are applying to d y S(x, y). 

Case 1. fa > 0. We decompose Di = UjDijk, where D^ = {(x,y) G Di : 2 - - 7-1 < x < 
2~j 5 2 _fc_1 < y — ipi(x) < 2~ fc }, and we correspondingly define 

7f jk (\ u 1*1,1*2) = f e^ s ^+^+^y^x,y)dxdy (3.6) 

J{(x,y)eD ijk :\ti 2 \<2\Xid v S(x,y)\} 

The second y derivative of the phase in (3.6) is XiS yy (x,y), which by part c) of Theorem 
2.1 can be written as XifadiX ai (y — ip^x))^ -1 + o(\Xix ai (y — ^(x))^ i-1 |). It is here that 
we use the real-analyticity condition; if the function is not real-analytic then the error term 
might not be o(\X\x ai {y — ipi(x)) l3i ~ 1 \) in the event that the lower boundary of D[ is the 



x-axis. We now apply the measure version of the Van der Corput lemma (see [C] ) in the 
y direction, integrate the result in x, and we get that 

|2? ifc (Ai,/ii,^)| < C||0||ci(v)2- J '(|A 1 |-'2 i 5 i 2^) (3.7) 

In order for (3.6) to be nonzero, there must be at least one point in Dj^ for which 
I Ate | < 2| Xid y S(x, y)\. Since \X\d y S(x, y)\ doesn't vary by more than a constant factor on 
Dijk, this means there exists a C such that if (3.6) is nonzero then on all of one has 

H ^C^dySix^ 

< C"|Ai|2- JQ - fc/3 (3.8) 
Substituting this into (3.7), we get that 

\Tf jk {\ u ^^ 2 )\ < C||0|| C i (v) 2-J-*|Ai|-5|^ 2 |-5 (3.9) 

We now add (3.9) over all (j, k), resulting in a bound of a constant times || <^|| cri (v^) |a*2 | — ^ • 
Since |^ 2 | > this gives us the needed bound of a constant times ||</>||(7i(y)|^| _ 5. 

Case 2. fa = 0. This time we decompose Di = UjDij where Dij = {(x, y) E Di : 2 - - 7-1 < 
x < 2~i}, and we correspondingly define 

Tf j (X 1 , f i U fjL 2 )= f e iX i s ^ +i ^ x+i ^(f)(x,y)dxdy (3.10) 

J{(x,y)eD ij :| At2 |<2|A 1 a !/ S(x,y)|} 

Let 7 = We write T^,^, fj, 2 ) = Tf j (A l5 pi u /x 2 ) + T±(\ u fii, /x 2 ), where 

J{(x,y)6D ij :| M2 |<2|A 1 a !/ S(x,y)|, | Ai 9 s ,S(x,y)+ M2 | > | Ai | 2 2"^ } 

X(f)(x,y) dx dy (3.11a) 

l5(Ai,^i,/i 2 )= / el A 1 S(x, y )+ JMl x+ JM2y 
i{(x,y)6D ij :| M2 |<2|A 1 a !/ S(x, 3/ )|, |Aia w S(*, tf )+/i 2 |<|Ai|32-iT} 

X(f)(x,y)dxdy (3.116) 

For T? (Ai, //i, // 2 ) we integrate by parts in y exactly as we did in (3.4) — (3.5), using that 

\Xid y S(x, y) + /x 2 | > |Ai|52~ JT in place of | Xid y S(x, y) + /i 2 | > ||a* 2 |- Instead of a bound 
of Cf^H^llc^v)) this time we get the bound 

|I§(Ai,a*i,a*2)| < 1 ||0|| C i(v) (3-12) 

= C2^\X 1 \-h^^ ± ^U\\ CHv) (3.13) 



Here the r IHIc^vn factor is from the y integration and the 2 J factor is from 

|Ai|^2-J't v 

the subsequent x integration. Like in Case 1, if (3.11a) is nonzero then on the domain of 
integration we have \^\ < C\ Xid y S(x, y)\. By Theorem 2.1 c) \d y S(x,y)\ ~ ~ 2 _jai 

3 a i 11 

here (since = 0). So in (3.13), the 2~ factor is bounded by C|Ai| 2 l^l" 5 , and therefore 
(3.13) is bounded by 

C'\^\-h^-^-^\\ct>\\ c i iv) (3.14) 

Adding over all j gives a bound of C"\\i2\~^ H^Hc 1 ^)) the desired bound since > \/J,i\. 
We next show that T^(Ai, ^2) is also bounded by (3.13), so that T^(Ai, fj,\, ^2) is 
also bounded by a constant times |//2| - ^ ||0||c 1 (v)- Taking absolute values in (3.116) and 
integrating, we get that |T^-(Ai, fii, /u.2) | is at most 

UWchv) x |{(x,y) G A, : M < 2\\ 1 d y S(x,y)\, \ X 1 d y S(x, y) + ^\ < |Ai|'2"^}| (3.15) 

We now shift y by ipi(x, y), so that where r]i is in Theorem 2.1 we have that |T^ (Ai, fj,i, ,u 2 )| 
is at most H^Hc^v) times 

\{(x,y) e D' %J : \^\ < 2|Aia v (S'o m )(x,y)|, ^(Sor^y) + // 2 | < |Ai|*2"^}| (3.16) 

Here is the shift of D^- by ipi(x) in the y variable. The condition that I//2I < 2\Xid y (So 

rji)(x,y)\ is used only to go from (3.13) to (3.14), and we use only the \\id y (S orji)(x, y) + 
1 

/X2I < A| 2 _J7 condition in proving (3.13). So as to be able to use Lemma 2.2, we change 
variables from y to x Mi y in (3.16) and get a term bounded by || 0|| c 1 (V) times 

2-* Mi \{(x,y) E [2-*-\2-*] x [0,^] : |Ai0„(S o ^)(x, x M ^) + // 2 | < |Ai|*2"^}| (3.17) 

Our use of [2 _J_1 , 2 _J ] x [0, Hi] here follows from parts a) and b) of Theorem 2.1. By 
Lemma 2.2, we have that 

\d x (\ 1 d y (So Vl )(x,x M *y) + v 2 ))\>C\\ 1 \x a *- 1 

> C'\\i\2- Ja * +J (3.18) 

Thus for a fixed y, the x-measure of the set in (3.17) is at most C\\\\~^2~^ 1+ ^ ai ~^ . Thus 
II 011c 1 (v) times the quantity in (3.17) is bounded by 

C|Ai|-'2-^ + ^-J'-^||^|| C i (v) (3.19) 
Substituting back in for 7, this becomes 

C|Ai|-52-^ + ^^'||0|| C i (v) (3.20) 

This is exactly (3.13). The condition that |/U 2 | < 2\Xid y S(x, y)\ is now used exactly as it was 
when going from (3.13) to (3.14). This again leads to the bound (3.14) for |T^(Ai, //i, fj,2)\, 
and after summing this in j we are done. 
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4. Proof of Theorem 1.2. 



In the proof of Theorem 1.2 we will make use of sub level set estimates that are 
analogous to the oscillatory integral estimates we have been using. Specifically, if f(x, y) 
is real analytic on a neighborhood of the origin such that /(0, 0) = and V/(0, 0) = 0, for 
a given U contained in the domain of f(x,y) and an < r < | we define 

A u (r) = \{(x,y)eU:\f(x,y)\<r}\ (4.1) 

Using resolution of singularities (see [AGV] Ch. 6 for details), in the real-analytic case if 
U is a sufficiently small ball centered at the origin then as r — > one has an asymptotic 
expansion of the form 

A v (r) = C v r e \ ln(r)| m + o(r e \ ln(r)| m ) (4.2) 

Here Cjj > and (e, m) is the same as in (1.2), unless (e, m) = (1,0), in which case (e, m) 
could be (1,0) or (1, 1). In [Gl] it is shown that in the general smooth case, an analogue 
of (4.2) holds. Namely, there is a Cu such that Ajj(r) < Cur e \ ln(r) | m , and often (4.2) 
still holds. In [Gl] it is shown that in the cases where (4.2) does not hold, m is always 
and for all e' > e there is a constant Cu, e ' > such that Ajj(r) > Cu,e'f e ■ This extension 
to the smooth case does use the notion of adapted coordinate systems, and is the only 
way in which this paper relies on them. However, one can avoid relying on the use of 
adapted coordinate systems entirely by doing arguments very similar to those of [Gl] on 
the constructions of Theorem 2.1. 

The above discussion leads to the following lemma. 

Lemma 4.1. Let (e, m) be as above, and let {-E^}™ =1 be the domains obtained by applying 
Theorem 2.1 to f(x, y), and let (ccj, /%) be as in that theorem. Then there exists a constant 
C such that for each i and all < r < | we have 

\{(x,y) G D' t : x^y^ < r}\ < CV e |ln(r)| m (4.3) 

Proof. In the case that gi(x) is not identically zero in Theorem 2.1, a sliver {(x,y) : < 
x < b : < y < Cx Mi } is disjoint from D' i: so x ai y /3i is bounded below by C , x OLi ~ Mi ^ i on 
D[. In part c) of Theorem 2.1, since fa has a zero of infinite order at the origin, for any iV 
one has an estimate of the form \ f 2 (x,y)\ < C^x N . Thus in (2.2) one can replace fi by 
/, which implies / o r\i is within a constant factor of x ai y^ on Dj. Since the Jacobian of 
rji is everywhere equal to 1, the measure of the sub level sets of \f o ^| will be no greater 
than the measure of the corresponding sublevel sets of |/|. Thus (4.3) holds. 

Now consider the case where gi(x) is identically zero. Define Df = {(x,y) G 
D\ : y > x N }. Then exactly as above one has that \{(x,y) G Df : x OLi y^ i < r}\ < 
CNr e \ ln(r)| m . In the case that oti > fit this is enough; a direct calculation reveals that for 
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large enough N, \{(x,y) G Df : x"^^ < r}\ is within a constant factor of \{(x,y) G D[ : 
x ct l y/3 l < r }|. i n the case where ojj < fa, a direct calculation reveals that \{(x,y) G : 
x a l yl3 l ^ r j| j g Q £ form Cnt Sn + lower order terms, and that \{(x,y) G D[ : x OLi y^ i < r}\ 
is of the form Cr s + lower order terms where Ubin^oo Sn = S. So like in the previous 
paragraph, Sn > e for each N, and taking limits as iV — > oo we get that 6 > e. So 
regardless of whether or not m = or 1, (4.3) will hold and we are done. 

We now are in a position to prove Theorem 1.2. 

Proof of Theorem 1.2. 

Let k > be the order of the zero of S(x, y) at the origin. Rotating coordinates if 
necessary, we assume that the Taylor expansion ^2 a p S^px^y 13 of S(x, y) has nonvanishing 
Soky k and Skox terms and we now apply Theorem 2.1 to S(x,y) (note this is a different 
function from the previous section). Let {Di}f =1 be the resulting regions. We will bound 
the portion of T(Ai, A2, A3) = T(Ai, fj,\, ^2) coming from a given Di and sum over all i. The 
argument naturally breaks into three cases. The first is when fa in Theorem 2.1 is greater 
than 1 and the lower boundary of D[ is the x-axis (in other words, gi(x) is identically 
zero), the second is when either fa > 1 and the lower boundary of D[ is not the x-axis, or 
fa = 1 (with no restrictions), and the third case is when fa is zero. 

Case 1. fa > 1 and gi(x) is identically zero. 

Consider (2.2) when I = and m = fa. Because in (2.2) the function f2 has a 
zero of infinite order at the origin, on D[ one has \d^(f2 rji)(x,y)\ < C^x N for any N. 
Thus we may replace fi by / (which is S here) to obtain that for some constant C we have 

\dl i (Sorn)(x,y)\>Cx a * (4.4) 

Denote by Tj(Ai, fi±, 1x2) portion of the integral (1.1) coming from Di. In this integral, we 
do the coordinate change rji(x,y) given by Theorem 2.1, obtaining 

r i (Ai,^i J // 2 )= / e lAl(So ^ )(x ' y)+VlX+V2y+V2 ^ (x) ^(^,?/)^^ (4-5) 
Jd'. 

The i\xiy term might have a minus sign in front, but since that case is done exactly the 
same way we will assume Tj(Ai, fi\, 112) is of the form (4.5). Here <pi(x,y) is a compactly 
supported function such that 4>i(x N ,y) is smooth for some N. We now dyadically de- 
compose Tj = UjTij. Denoting by Dij the set {(x,y) G D\ : 2 - - 7-1 < x < 2 _J }, we 
define 

T ij (\ 1 ,n 1 ,H2)= [ e^^^^'^+^^+^^+^^^Vi^^)^^ (4-6) 

We now apply the standard Van der Corput lemma (see [S] ch 8) in (4.6) in the y direction, 
using (4.4), and then integrate the result in x. One gets 

\Tij(Xi,ni, /i 2 )| < C||0|| c i W |A 1 r*2^ x 2~j (4.7) 
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In (4.6) we can get a crude estimate by taking absolute values and integrating, obtaining 
a constant times ||0||c 1 (v)2 - - J ' -,7 ' Mi , M t as in Theorem 2.1a). Thus one can extend (4.7) to 

\T ij (X 1 , /Lfci , yu. 2 ) | < C||0|| c i m min(2-^' M S|A 1 r^2^ x 2"') (4.8) 
An elementary calculation reveals that the measure of {(x,y) G D„ : x oti y^ i < j^} is 

1 ■ a i 

within a constant factor of min(2~ J_jMl , ~i 2 J x 2~ j ). Thus we have 

\Tij(\i, fJ,i, fa)] < C'\\(t>\\ CHv) \{(x,y) E D i:j : x^y^ < IAxI" 1 }] (4.9) 

Adding over all j then gives 

mXu^^l < C'\\<f>\\ C i(v)\{(x,y) e D[ : x°y* < | I ~ 1 > | (4.10) 

By Lemma 4.1, the right-hand side of (4.10) is bounded by C||0||ci(y) |Ai| _e (ln | Ai |) m and 
we are done. Note that the Case 1 argument did not use any restrictions on the value of e. 

Case 2. fii = 1 or > 1 and gi{x) is not identically zero. 

Similar to in the previous case, when I = m = 1 we can replace fi by / in (2.2). 
When ^ = 1 this is because x * -1 ^ -1 is a power of x, so since |gf^(/2 ° Wi)(x,y)\ < 
Cnx n for any given iV, changing from /i to / (which is 5* here) will not interfere with the 
validity of (2.2). When > 1 and (^(x) is not identically zero, we may do this replacement 
since a sliver {(x,y) :0<x<6:0<y< Cx Ml } is disjoint from the domain, so that 
x ai-iyPi-i j g b ounc i ec i below by C'x ai ~ 1 ~ Mi/3i ~ Mi and similar considerations apply. Thus 
we may replace /i by / = S in (2.2), and on we have a lower bound of the form 

> Ca^-y*- 1 (4.11) 

Note that -^^(iXi(S o rji)(x,y) + %[i x x + i^ 2 y + i^i{x)) = *Aigf^(£ ° »7i) (&»?/)• Thus 
(4.11) is relevant to Tj jfc (Ai, /xi, /i 2 ). 

This time we dyadically decompose (4.5) in both the x and y directions. Namely, 
let D ijk = {(x,y) E D'i : 2~i~ x <x< 2"', 2~ k ~ 1 < y < 2~ k } and define T ijk (\ u m, w) 
by 

T ijk (\ u n u m) = j e^^^^'^+^^+^^+^^^ViC^.y)^^ (4-12) 



We now proceed similarly to in Case 2 of Theorem 1.1. We write Tyfc(Ai, /ii, ^2) 
T} jk {\u Hi, +Tg. fe (Ai, /xi, // 2 ), where 



Tl jk {\u V2) = J 



i\ 1 (Sorn)(x,y)+ifi 1 x+ifi 2 y+i^2^i(x) 

{(x,y)6D iifc :|A 1 c» a S+M2|<|Ai|^2 fc 2 } 

13 



X(j)i(x,y) dx dy (4.13a) 

T 2 (\, //, II*) — / i\i{Sor H ){x,y)+i^ 1 x+i^ 2 y-'ri^2^i{x) 
J{(x,y)6D ij - fc :|A 1 c» a S+M2|>|Ai|52 fc 1 } 

X(f>i(x,y) dxdy (4.136) 
For (4.13a), we simply take absolute values and integrate, obtaining 

\Tl jk (X uf , u ^)\ < C\{(x,y) E D ijk : ^dyS + &\ < IX^h^ 2 ^^}] \\<t>\\ c ^v) (4.14) 

By (4.11), the absolute value of the x derivative of \\d y S + fi 2 is bounded below by 
C|Ai|2 _ ' 7 ( ai_1 ^ _fe ^ /3i_1 ). So for a given y, the x-measure of the set in (4.14) is at most 
C|Ai|-52 fe - £fi 4 Mi x 2^ Q *- 1 )+ fe (^- 1 ) = C|Ai|-52- J ' +£ii 4 Mi . Inserting this into (4.14) 
and then integrating in y, we get that 

17^,^2)1 < CM-h-l-t+'-^McHv) (4-15) 

This is the estimate we will need. Moving on to T? fc (Ai, Hi, 112)1 we integrate by parts in 
y in (4.136). We write e iX i( Sor ii)(x,y)+i^ix+in2y+i^2^i(x) ag 

(^A 1 ^(5o ??^ )(x, 2/ ) + ^ M2 )e ^Al ( So ^)( a; ^+^ a; +^^ 2 ^^ x — — — L —— 

iXid y {S or]i)(x 7 y) + i/j, 2 

(4.16) 

We integrate by parts in (4.136) by integrating the left factor of (4.16) and differentiating 
the rest. There are two places the derivative may land, the .. » , g — ^7 — — factor and 

(f>i(x,y). In the first case, the differentiation gives i^^sl^^yl+^J) 2 ' ^ e ^ en ta ^ e a t >so " 
lute values and integrate in y, very similar to in (3.5). As in that situation, the end result 
of the y integration is a bound of C||0||c ,1 (^) times the maximum of I i \ 1 d (Sory)(x y)+in2 1 on 
the domain of integration, or C| Ai | — 2 2 — ^ 2 || 011c 1 (v^) - We then do the x integration 
to get an overall factor of C\ Ai \~^2~i~ k+J *2 ~ ||0||c 1 (v)) which is the same as in (4.15). 

The second place the derivative may land is the <fii(x,y) term. In this case we 

1 1 1 1 1 jaj+fc^ 

take absolute values, bound .. a cf — m — by Ai ~2 2 _fcH 2 and integrate. The 

' 1 i\id y S(x,y)+iH2 1 ' to 

result is C| Ai | — 2 2 — J— H 2 H^Hc^fv)) better than what we need. Lastly, we have the 
endpoint terms of the integration by parts, which will give the same bounds as in the last 
paragraph, or C\\i\~ * 2~ 3 ~ k+ 2 

Putting the above together, we conclude that 

|2; ifc (Ai,/xi,// 2 )| < C\X 1 \-h-^ k+I ^ M± \\ ( f ) \\ cl{v) (4.17) 
We can rewrite this as 

|2<ifc(Ai,/*i,A*2)| < CUWchv) [ 77T 1 I g .i (4-18) 
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One can take absolute values in (4.12) and integrate to get another (crude) bound for 
\Tijk{M, A*i , A*2)|- Incorporating this into (4.18) gives 

WjkiXuVu^l <C'U\\cHV) [ minfl 1 , ) (4.19) 

V (|Ai|x a iy^)2 / 

Adding this over all j and k then gives 

mXuHuril^CMWcHV) I min(l 1 — - ) (4.20) 

= C'UWchv) (\{(x,y) e D> , ^ < + * / 
V l A i| | Ai 1 2 J{( X) 



y)£D'.: x a iy&i> jy-t} (x a ^^) 2 



(4.21) 

By Lemma 4.1, the measure of {(x,y) E D\ : x° li y^ i < jx^} is bounded by C|Ai| e ln|Ai|, 
the desired estimate. As for the second term, we write the integral in terms of distribution 
functions. Namely, we have 



f 1 f°° 1 1 

/ t= ~t~^\{(x, y) <E D'i : — — - < <t}\dt 

J{(x,y)eD'.:x^yPi>j^} (l 0i J/ ft ) a -> 2 ' Al ' 

(4.22) 

By Lemma 4.1, this is at most 



r 1 i 

C / -t-h e ln(t) m dt (4.23) 
/ i 2 

Since e is being assumed to be at most | here, the integral converges and is bounded by 
C|Ai|5- £ (ln |Ai|) m . Thus the second term of (4.21) is bounded by 

C|kllc7i(v)|Ai|-'|A 1 |5-«(l I ijA 1 |) m 

= C||0|| clw |A 1 |- e (ln|A 1 |) m (4.24) 

This is the desired estimate and we are done. Note that the Case 2 argument only required 
that e < 2> which was used to say that (4.23) converges. 

Case 3. ft = 0. 

For this case, it will be helpful to use the following consequence of the Van der 
Corput lemma from [ArCuKa] which was also used in [IKeM] [IM] . 

Lemma 4.2. Suppose / is a smooth real- valued function on an interval I such that 
for some integer n > 2 and some constants C, C > 0, for all t E I one has that C < 
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Ym=i \f ^ Then there is a constant C" depending only on C and C such that 

for all A G R one has 

JjWcf>{t)dt < C"{U\\ L ~ {I) + U'\\ LHI) )(1 + |A|)"i (4.25) 

We now start the Case 3 argument. By theorem 2.1a)-b), when (3i = the domain D[ is 
of the form {(x,y) : < x < b, < y < HiX Mi }. Thus if we change coordinates in (4.5), 
turning (x,y) into (x,x Mi y), we get 

Ti(Xu in, fi 2 ) = [ e^^^^vHvis+v*^ 

J(p,b)x(0,Hi) 

(4.26) 

By part d) of Theorem 2.1, either ipi(x) = kiX for some ki (possibly zero), or ipi(x) = 
kiX + liX Si + higher order terms (if any), where ki,U ^ and 1 < Sj < Mj. Thus if we 
write £(x) = ipi(x) — kiX, then either £(x) = or £(x) as a zero of order Sj < Mj at 
the origin. Letting fi3 = Hi + ki^2, we correspondingly write the expression (4.26) for 
Ti(Ai,^i,^ 2 ) as 

f e iA 1 (So,0(*,* Mi »)+V3*+V 2 (€(*)+* Mi v) x M i ^.( XjX M i ^ (fad?/ ( 4 _ 27 ) 

V(0,6)x(0,Hi) 

Since Mj > Sj, the + x Mi zy term, when viewed as a function of x alone, has a zero of 
order Sj < Mj at the origin whenever is not identically zero. 

Next, note by Lemma 2.2 that for fixed y, the function S o rji(x, x Mi y) has a zero 
of order oti at x = 0. By Theorem 2.1b) there is some (a, j3) 7^ (ctj, 0), /3 a positive integer, 
for which the Taylor expansion of £ o rji(x,y) has a nonzero S a px a y^ term and for which 
a + Mi/3 = oti. So a.i > Mi. Since S(x,y) is assumed to have a zero of order at least 2 
at the origin, (a, /?) cannot be (0, 1) and the statement a + Mij3 = cti in fact implies that 
ot % > Mi. 

We first prove Theorem 1.2 under the assumption that is not identically zero 
and e < |; the modifications needed in the cases where e = | or where is identically 
zero will be described afterwards. 



So assuming is not identically zero, for fixed 7/ the phase in (4.27) can be 
written as the sum of three terms. The first is X\(S o r]i)(x, x Ml y), a function with a zero 
of order aij at x = 0. The second is ^(^(x) + x Mi y), a function with a zero of order Si at 
x = as long as ^2 7^ 0, and the third is nsx, a function with a zero of order 1 at x = as 
long as AI3 7^ 0. Note that > Mj > Sj > 1, so that these three orders are all distinct. Let 
ri(y) be as in Lemma 2.2, so that Xi(S o rji)(x, x Mi y) = Xi{ri{y)x oli + 0{x 0ll+5 )\ for some 
5 > 0. Note also that ^(^(x) + x Mi y) = fi2(hx Si + 0(x Si+5 )). Now siince cti > Si > 1 
are distinct, the 3 by 3 matrix Ai with rows (oti,Si,l), (oti(oti — l),Sj(sj — 1),0), and 
(oti(ai — l)(ctij — 2), Si(.Si — l)(si — 2), 0) has determinant «i(«i — l)sj(si — !)(«; — Si) 7^ 0. 
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Thus for some constants c and c' , for any vector v one has c'\\v\\ > \\Aiv\\ > c\\v\\. In 
particular, letting v = (Xir i (y)x oli , faUx Si , fax), we have 

|Aittiri(y)x ai + SifaliX s% + fax\ + lAia^a, - l)ri(y)x ai + s l (s l - l)fakx Si \ 

+ |Aia l (a l - l)(ai - 2)n(y)x a * + s l (s l - l)(s l - 2)fakx Si \ ~ |(Airi(y):r Q \ // 2 ^ Si , fax)\ 

(4.28) 

Here ~ denotes the two sides being within a constant factor of each other. Restating, 
(4.28) implies that for f(x) = r i (y)x° li + fahx Si + fax we have 

\xf'(x)\ + \x 2 f"(x)\ + \x 3 f"'(x)\ ~ \X iri (y)x ai \ + \fakx Si \ + \fax\ (4.29) 

Adjusting for lower order terms, if x is sufficiently small, independent of the parameters 
Xi,fa, and fa, ifp(x) denotes the phase function Xi(Sorji)(x,x Mi y)+fax+fa(^(x)+x Mi y) 
we similarly have 

+ \x p"(x)\ + \x p"'{x)\ ~ | XiTi(y)x ai | + \fakx Si \ + \fax\ (4.30) 
Next we dyadically decompose (4.27), writing 2$ = • Tij, where T^- is defined by 

T lJ (X 1 ,fa,fa)= [ e ip ^x Mi <t> i {x,x Mi y)dxdy (4.31) 

J(2-i-\2-i)x(0,Hi) 

We scale (4.31) in x, obtaining 

T ij (X 1 ,fa,fa) = 2-^ Mi+ V I e ipi2 ~ j ^x M *<j) l (2-ix,2-J M *x M *y)dxdy (4.32) 

J($,l)x(p,Hi) 

By (4.30), the phase function qj(x) = p(2~^x) satisfies 

\q'(x)\ + \q"(x)\ + \q"'(x)\ ~ \Xi2~ joii \ + \fa2~ jSi \ + \fa2~i\ (4.33) 

Here we use that \r(y)\ is bounded above and below, provided by Lemma 2.2. We now 
apply the Van der Corput-type lemma, Lemma 4.2, in the x direction letting f(t) = 
(|Ai2"^| + \fa2-J Si \ + |^ 3 2-^'|)- 1 q(x), and letting |Ai2"^| + \fa2~i Si \ + \fa2~ j \ be 
what is called A in that lemma. The cutoff function 0j(2~ J x, 2~i Ml x Mi y) is equal to 
4>(2~^x, (2~i Mi x Ml y + ipi(2~^x))) where ipi(x) is of the form C( xW ) f° r a smooth (, for 
some large N. Thus the effect of this cutoff function in an application of Lemma 4.2 in 
the x direction is to an introduce a factor bounded by C||0||cfi(y). After applying Lemma 
4.2, we get 

\Tij(Xi, fa,fa)\ < C2-^ M ^+ 1 )||0|| C1W (|A 1 2-^| + \fa2~^\ + \fa2^\)-^ (4.34) 

We are only interested in the first of the three terms in the right hand side of (4.34), so 
we bound it by 

< C||0|| C i (v -)2-^ Ml+1 )|Ai2-^|-* (4.35) 
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By simply taking absolute values and integrating in (4.31), one has 

\T lJ (X 1 ^ 1 ^ 2 )\<C2-^ M ^U\\ CHV) 

Combining this with (4.35), we get that 

\T ij (X 1 , f x 1 ^ 2 )\ < C2-^ M *+V\\^ CHv) min(l,\\ 1 2-^\- l s) (4.36) 

By Lemma 2.2, 15 o 7](x,y)\ ~ x ai ~ on D^, and furthermore the portion of D[ 

between 2~ j ~ 1 and 2~ j has measure ~ 2~ j x 2~ jMi . So (4.36) implies that 

^■(Ai^i.^l^C'II^IIci^) / min(l,|A ia ; Qi |-3) (4.37) 

We now argue as in (4.19) — (4.24). Adding (4.37) over all j gives 

mX^^^KC'UWc^v) j min(l,|Aix ai |-5) (4.38) 

JD' 



C'UWcHV) (\{{x,y) G D\ : ^ < -U| + / 



1 



(4.39) 



For the first term in (4.39), by Lemma 4.1 the measure of {{x,y) G D[ : x ai < j^} is 
bounded by C|Ai| _e In |Ai|, the desired estimate. In view of the form of this sublevel set, 
we won't have a logarithmic factor so we even have that 

\{(x,y) G D\ : x^ < -U| < C|A x |- e (4.40) 

l A i| 

For the second term of (4.39), like before we write the integral in terms of distribution 
functions. We get 

/ 7v^= r b-*\{(*>v)e&i- T^- { <x ai <t}\dt 

J{(x,y)eD'.:x"i>^ n } (x^) 3 J J^J 6 l A l| 

Inserting (4.40), this is at most 

/OO 1 
-t~h e dt (4.41) 
i 3 



Since we are assuming e < | for now, the integral (4.41) is absolutely integrable and is 
bounded by C"|Ai| _e+ 3. Thus the second term in the parentheses of (4.39) is bounded by 
C"|Ai| _e . Adding together with the first term we see that we have the estimate 

mXi^ufj^l <C||0|| C i (v) |Ai|- e (4.42) 
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This gives the desired bounds (and even an extra logarithm when m = 1). This concludes 
the proof where e < | and £(x) does not have a zero of infinite order at x = 0. 

We now assume is identically zero, for any e < 3. In this situation there 
are two possibilities. If Mj > 1, for fixed y the phase in (4.27) can be written as the sum 
of three functions with zeroes of distinct orders CKj > Mj > 1 at a; = as long as ^2 and 
/i3 7^ 0, namely Ai(S'o rji(x, x Ml y)), /j,2yx Mi , and n^x. Then the exact same argument as 
above gives (4.42). The other possibility is that = 1. In this case, for fixed y the phase 
in (4.27) is the sum of two functions with zeroes of distinct orders and 1 at the origin, 
namely Xi(S o rji(x, x Mi y)) and [i^x where /X4 = (fj,s + ^2lj) is constant in x. This time a 
simpler version of the above argument works. Namely, the determinant of the matrix Bi 
with rows (a^, 1) and (ai(ai — 1), 0) has nonzero determinant, so for some constants c and 
c' for any vector v one has c'\\v\\ > ||-Bjt>|| > c\\v\\. Letting v = (\iri(y)x ai , fi^x), in place 
of (4.28) we have 

|Aia;r;(?/)x Qi +fi 4 x\ + \\ia t {a t - l)r;(y)x a< | ~ |(Air;(?/);r a \ fi A x)\ (4.43) 

Then arguing as before, if p(x) again is the phase function of (4.27), in analogy to (4.30) 
we have 

\xp'(x) \ + \x 2 p"(x)\ ~ |Airj(y)a; ai | + \^x\ (4.44) 

Then one can apply Lemma 4.2 for n = 2 instead of n = 3, and in place of (4.39) we get a 
bound for |Tj(Ai, fii, /X2) | of the form 

C'Mc H v)(\{(x,y)eD>:x^ < J ^}\ + -!- T [ — Lt) (4.45) 

V l A l| |Al|2 J{{x,y)eD'.: x a i>J^} ' ) 2 / 

Then performing the argument analogous to before once again gives (4.42), this time only 
using that e < 

Lastly, we consider the case where e = ^ and £(x) does not have a zero of infinite 
order at x = 0. If we had \xf'(x)\ + \x 2 f"(x)\ ~ | \\ri(y)x ai \ + \n2hx Si \ + \fJ>sx\, then we 
could proceed as in the case where £(x) is identically zero since the argument required 
only that e < \. However this does not necessarily hold; there could even an x for which 
^\OLiri{y)x ai + Si\iiliX Si + n^x and Aia^a^ — l)ri(y)x ai + Si(si — l)[X2hx Si are both zero, 
corresponding to the situation where (ri(y)x ai , fj,2hx Si , ^x) is an element of the one- 
dimensional kernel of the 2 by 3 matrix with rows (oti, Si, 1) and (ai(ai — 1), Si(si — 1), 0). 
However, there will always be a jo and constants cq,ci such that so long as x is not in 
an interval [2 _J_1 ,2~ J ] with \j — jo\ < Co, then one does have that \xf'(x)\ + \x 2 f"(x)\ 
is within a factor of c\ of \\iri(y)x ai \ + \^2hx Si \ + \f^3x\. So we may apply the argument 
of the £(x) = case for T^- with \j — j \ > c$. Adding these in j gives the bounds 
C||0|| C i (V )|Ai|- e of (4.42). 

For x in an interval [2 _J_1 , 2 _J ] with \ j —jo\ < Co, we apply the argument leading 
to (4.37) unchanged. We add this over all j with \j — jo I < Co, and then the steps leading 
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to (4.41) lead to the bound 

| Yl 2ij(Ai,A*i,M2)| <C1|0|| c i(v)-V / \t~h e dt (4.46) 

|j-jo|<c l Al ' 3 J { t:t >TZH' 2^o-c<t<2io+c} d 

Since e = 3, the fact we are integrating over only boundedly many j in (4.46) implies that 
we have 

I ^■(^»A*i,/*2)|<C rf ||0|| C i (v) -^ r (4.47) 



This is exactly the right-hand side of (4.42). Combining with the above estimate for the 
the sum of the TV, for which \j — jo I > c , we see that (4.42) once again holds and we are 
done. 

This completes the proof of Theorem 1.2. 
5. Proofs of PDE Theorems. 
We start with the proof of Theorem 1.3. 
Proof of Theorem 1.3. 

Written on the Fourier transform side in the x variables, (1.6) becomes 

^(Ui,6) = »S(&,&)/>,6,6) 

M£i,6) = $(fc,6) (5-1) 

This is solved by /(t, £i,£2) = eltS £2)- We are looking for solutions for when 

the support of g(£i,&) is in a sufficiently small neighborhood of the origin. So we may 
fix a 0(^1,^2) supported in a neighborhood of the origin on which Theorems 1.1 and 1.2 
hold such that ^(^1,^2) = 1 on a neighborhood B of the origin, and we may assume that 
^(^1,^2) is supported on B. Thus we may write 

6) = £(£i,6K ts( ^ 2) 0(£i,6) (5-2) 

Thus if T(t, xi, x 2 ) is as in Theorems 1.1 and 1.2 we have 

f(t, x u x 2 ) = (9* T)(t, x u x 2 ) (5.3) 
Here the convolution is in the x variables for fixed t. By Theorems 1.1 and 1.2, one has 
\T(t, x u x 2 )\ < Cmin ((\t\ + 2)- £ (ln(|t| + 2)) m , \x\~*) (5.4) 
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(We can add 2 to \t\ because \T(t, x±, x 2 )\ uniformly bounded simply by taking absolute 
values of the integrand and then integrating.) In view of (5.4), for a given t it is natural to 
break up T(t,x 1 ,x 2 ) into (|£|+2)- e (ln(|t|+2)) m < \x\~* and (|t|+2)- £ (ln(|t|+2)) m > \x\~* 
pieces. To this end, for a given t let jo be the nearest nonnegative integer to the j for 
which 2 J = (|t|+2) 2e (ln(|t| + 2))- 2m . As usual, let X{x-.\x\<2n}(x) denote the characteristic 
function of the ball centered at the origin of radius 2 J0 and let X{x-.2i- 1 <\x\<2i}( x ) be the 
characteristic function of the annulus. Then we have 

00 

\T(t,X 1 ,X 2 )\ <C2-^X{x:\x\<2^}(x ll X 2 ) + C ^ 2 ~^X{x:2i-i<\x\<2J}(xi,X2) (5.5) 

J=Jo+l 

So by (5.3) we have 

oo 

|/(*,xi,x 2 )| < C , 2-^||^|*X{x : |x|<2io}(^i,x 2 )|+C Y 2 ~^\\9\*X{x-.2j-i<\x\<2J}(xi,x 2 )\ 

(5-6) 

And therefore for any q, where the L q norm is in the x variables we have 

oo 

||/(*,a;i,X2)||g < C2-^\\\g\ * X{x:\x\<2*o}(x)\\ q + C ^ IHfl * X{x:2i-i<\x\<2i}(x)\\ q 

3=30 + 1 

(5.7) 

By Young's inequality, if ^ = | + ^ — 1, the above is bounded by 

oo 

C2-^\\ 9 \\ p + C j: 2-* + "NIp (5.8) 
3=30+1 

In the case that - < 2 , the above converges and we get 

\\f^x 1 ,x 2 )\\ q <C q 2-^+^\\g\\ p (5.9) 
The condition that - < h translates into - — - > |, which can occur when p < |. Given 

r 2 p q 4 ' r A 

the definition of jo, (5.9) can be rewritten as 

||/(t,x 1 ,x 2 )|| g <C 9 ((|t|+2) 2£ (ln(|t|+2))- 2 -)^-^||f 7 || p (5.10) 
This is the same as 

||/(t,x 1 ,x 2 )|| g <C (? (|t| + 2) 4e ^-i+t)(ln(|t| + 2))- 4 ^-i + t)|b|| p (5.11) 

This gives Theorem 1.3, except in the case where the exponent ^ — ^ + | is zero. In 

this case, the exponent — ^ + 2 3 -f is always zero, so (5.8) diverges. In this case, one may 
use the Hardy-Littlewood-Sobolev inequality instead, directly using the bound (5.5). For 
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(5.5) says that \T(t, x±, x 2 )\ < C\x\ 2 ? and since ^ = | + | the Hardy-Littlewood-Sobolev 
inequality gives that ||/(t,a;i,X2)||g = ||<7 * T(t, £1, £ 2 ) || g < C g ||^|| p , as long as p 7^ 1 and 
q ^ 00. This concludes the proof of Theorem 1.3. 

In order to prove Theorems 1.4 and 1.5, in place of Theorems 1.1 and 1.2 we use the 
following. 

Lemma 5.1. Let S(x,y) be as in Theorems 1.4 and 1.5, and define R(Xi, /xi, ^2) by 

R{X 1 , f x uf j, 2 )= [ e- XlS{x ^ +l ^ x+l ^ y (t){x,y)dxdy (5.12) 

There is a neighborhood of the origin V that if the support of (p is contained in V then for 
Ai > 2 one has the estimate 

|i?(Ai,/xi,M2)| <C s ||0|| cl(1 , ) min((A 1 )- e (lnA 1 ) m ,| M |- 1 ) (5.13) 

Here (e,m) is as in (4.2). 

Proof. We will first prove that |i?(Ai, ^1, /x 2 ) | < Cs||(/>||c<i(y)(Ai)~ e (ln Ai) m and after- 
wards that |-R(Ai, hi, yu.2) I < CslHlcify)!/^" 1 - ^or ^ e ^ rs ^ estimate, we take absolute 
values on (5.12) and integrate, obtaining 

\R(\i,Hi,fi2)\ <C v \\<f>\\ C i(y) I e-^ s{x ^dxdy (5.14) 

Jv 

Note that 

I e -\iS{x,y) dxdy= I Aie- Alt |{(x,y) EV : S(x,y) <t}dt (5.15) 
Jv Jo 

We can truncate the integral here at t = ^ since the t > | portion gives an estimate much 
better than what we need. Thus inserting (4.2) we must bound 

1 

[ 2 \ie- Xlt f\lnt\ m dt (5.16) 
Jo 

Changing variables to Ait here, the integral in (5.15) is at most 

in 

Ap / 2 e-*(|ln*| +lnAi) m (5.17) 
Jo 

Regardless of whether m = or 1, equation (5.17) is bounded by CAj~ e (ln Ai) m . Putting 
this back into (5.14) gives the desired estimate. 
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We now prove that |-R(Ai, /j, 2 )\ < Cs^l/^ -1 . As before we can assume \fi\ > 2 
as the \n\ < 2 case is obtained simply by taking absolute values and integrating. Rotating 
coordinates and shrinking our neighborhood V of the origin if necessary, we assume that 
for some k > 2 we have dyS and d x S are nonzero on V. Since the x and y axes are 
interchangeable here, without loss of generality we assume \ji 2 \ > We write the phase 
in (5.12) in the form 

e -\iS{x,y)+*nx+iM = (-\ 1 d v S(x,y) + i(i 2 )e- XlSix ' v)+ltllX+ ^ 2V x ( -^—^ . ^ 

\-X\dyS{x,y) + i\i 2 ) 
(5.18) 

We integrate by parts in (5.12), integrating the (-X^ySix^) + ifi 2 )e~ XlS{x ' y)+ltIlX+ ^ 2y 
factor from (5.18) and differentiating the rest. The derivative can land in two places. 
First, it can land on the 4>(x, y) factor. For this term, we take absolute values and inte- 
grate, using the bound l^r^r-cr — — I < m < r - n and we obtain the needed bound of 
C||0||c 1 (v) | A* | 1 - The second place the derivative can land is the _ Xid s ^ x y)+i m factor, 
which becomes a factor of -, — x ^ yyS ^ x ^. — The resulting term is bounded in absolute 

{-X 1 dyS(x,y)+tfj, 2 ) 2 to 

value by 

IXtfyySfay)] l^ y)ldxdy (519) 
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R2 | - X 1 d y S{x,y) + i\i 2 \ 

We split this into two terms, depending on whether or not \Xid y S(x,y)\ > |/x 2 |- We get 
that (5.19) is bounded by 



\Xid yy S(x,y)\ 

\ldyS(x,y)\>\n 2 \ (^l9yS(x,y)) 2 



\4>{x,y)\dx dy 



+ [ lXl9 ™ S 2 {x ' y)l \<f>(x,y)\dxdy (5.20) 

J|A 1 9 ! ,S(x,y)|<| M2 | ^2 

<«lb W f j^'g ^ 

J{(x,y)6V:|A 1 a a S(x,y)|>| At2 |} {Mo y b{x, y)) 

+C\\4>\\ CHV) \ [ IXidyySfay^dxdy (5.21) 

^2 J{(x,y)e^:|A 1 a y S(x,y)|<| At2 |} 

In the first term of (5.21) we integrate in y for fixed x. We use the fact dyS(x, y) ^ on V 
to split the interval of integration into boundedly many subintervals on which d yy S(x,y) 

has constant sign. Integrating the [xl^ls^^y))^ ^ ea( ^ s t° ± Xid g( x ^ at the boundary points, 

which is bounded in absolute value by given that on the domain of integration one has 

\Xid y S(x, y)\ > \/j, 2 \. Thus the overall term is bounded by C||0||c 1 (v)]^y < C / ||0llc 1 (^) j^y 
as needed. 

In the second term of (5.21), we do the analogous argument, and the resulting 
integration leads to ±Xid y S(x, y) at the boundary points of the subintervals of integration. 
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This time the condition that \\id y S(x, y)\ < \fi 2 \ on the domain of integration leads to the 
term being bounded by bounded by C'^2-||0||c 1 (v)|i u 2| < C'll^llc^v) j^y and we are done. 

That y^j is the best power of \fx\ one can get for general S(x,y) can be seen by 
considering S(x,y) = yx m and letting (Ai, fx 2 ) = (^2,0,1^2) for large /i 2 . 

Proof of Theorem 1.4. 

The proof will proceed much like the proof of Theorem 1.3. This time, on the Fourier 
transform side the PDE becomes 

^(f, 6, = &)/(*, £1,6) 

M£i,&) = $(£i,&) (5-22) 
So if R(t, xi, x 2 ) is as in Lemma 5.1, for t > the equation is solved by 

f(t,x u x 2 ) = (g*R)(t,xi,x 2 ) (5.23) 

By Lemma 5.1, we have 

\R(t,x 1 ,x 2 )\ < Cmin((t + 2)- £ (ln(i + 2)) m ,|xr 1 ) (5.24) 

This time we break into T(t,x 1 ,x 2 ) into (t + 2)" £ (ln(i + 2)) m < and (t + 2)" e (ln(t + 

2)) m > pieces. We let j\ be the nearest nonnegative integer to the j for which 

7? = (t+ 2) £ (ln(t + 2))" m . Then in analogy to (5.5) we have 

\R(t,X!,X 2 )\ < C2- J1 X{ x: \ x \ <2 il}(x 1 ,X 2 ) + C ^ 2 ~ Jl X{x:2^-^<\x\<^}(Xl,X 2 ) (5.25) 

3>3l 

So in analogy to (5.7), for any q we have 

\\f(t,Xl, X 2 ) || q < C2- Jl |||^| * X{x:\x\<2ii}{x)\\ q + C ^ 2_Jl II M * X{x:2i-i<\x\<2i} fa) \\ q 

3>jl 

(5.26) 

By Young's inequality, where ^ = ^ + £ — 1, this is bounded by 

C2"* + ^ \\g\\ p + C 2" J+ ^ \\g\\ P (5-27) 

j>ji 

So when r > 2 this converges and this time we have the bound 

\\f(t, Xl ,x 2 )\\ q < C q 2-^ + 2 -^\\g\\ p (5.28) 
24 



The condition that r > 2 translates into ^ — | > |, which can occur when p < 2. By 
definition of ji, (5.28) is the same as 

\\f(t,x 1 ,x 2 )\\ q <C q ((t + 2y(ln(t + 2))- m f- 1 \\g\\ p (5.29) 

This in turn is the same as 

, x u x 2 ) \\ q < C q ((t + 2) 2e (ln(t + 2 ))- 2m y-* H \\g\\ p (5.30) 

This gives Theorem 1.4, except in the case where the exponent ^ — - + \ is zero. In 
this case, (5.25) gives that \R(t, x±, x 2 )\ < C|x| _1 , and then the Hardy-Littlewood-Sobolev 
theorem gives that \\f(t, x±,x 2 ) \\ q = \\g * R(t, xi,x 2 ) \\ q < C Ptqt s\\g\\ P as long as p ^ 1 and 
q 7^ oo and we are done. 

Proof of Theorem 1.5. 

On the Fourier transform side in the x\ and x 2 variables, (1.12) becomes 

= S(6,6)-'$(£i, 6) (5.31a) 

Like in the previous two theorems, the support condition on g means we can insert a cutoff 
function in (5.31a), turning the equation into 

6) = 6)^0(6,6) (5.316) 

Thus if we define Q(xi,X2) by 

Q(xi,a; 2 ) = / Sfo&y'e^+^tfo, 6)^1^2 (5-32) 

</R 2 

Then we have 

/ = o*Q (5.33) 
Next, note that if £ > and 5 > one has 

<>CSO 

/ e - u *u* _1 du = Qt" 15 (5.34) 

Inserting this into (5.32) gives 

Q(xi,z 2 ) = csj ( e-^i^)^" 1 du) e tel « 1+tea &0(£i, 6) d« d& d£ 2 

= C(5 ^ M<5_1 (/ e_uS(?1 ' 6)+ia:iCl+ia:26 0(fi^2)^i^2^w (5.35) 
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We perform the (^1,^2) integration in (5.35), use the bounds from Lemma 5.1, then inte- 
grate the result in u. The result is 

poo 

\Q(x 1 ,x 2 )\<C u 5 - 1 mm((u + 2)- e (ln(u + 2)) m ,\x\- 1 )du (5.36) 
Jo 

We now bound \Q(x\, x 2 )\. For \x\ < 4, we just use the bound obtained by taking absolute 
values and integrating in (5.32), and get \Q(xi, x 2 )\ < C. Note that here we use that S < e; 
the fact that (4.2) holds ensures that \S(£i 7 £2) \~ S is integrable. 

Now assume \x\ > 4. If m = 0, let e' = e, and if m = 1, let e' be any number 
satisfying 5 < e' < e. Then (5.36) gives 

/•OO 

\Q(x 1 ,x 2 )\ < C I u 5 ' 1 min ((u + 2)" £ ' du (5.37) 
Jo 



1 r\x\e' -2 roo 

- u^du + C u s - 1 (u + 2)- £ du (5.38) 

X \ JO J\x\ e' -2 



\x 



The first term is bounded by Cj^j Jo * u 5 1 du, or C"\x\ 1 . For the second term, we 
have 

/•oo /-OO 
M <5 - 1 (« + 2)- e 'dM < / u*- e ' _1 du (5.39) 

Given our assumption that 5 < e', (5.39) converges, and since \x\ > 4, this is at most 

poo 

C / 1 u s - € '- 1 du (5.40) 

This integrates to a term bounded by a constant times \x\e' . Combining with the first 
term, we conclude that for \x\ > 4 we have 

\Q(x 1 ,x 2 )\<C\x\^- 1 (5.41) 

Combining with the |x| < 4, bound we have 

\Q(x u x 2 )\ < Cmin(l, M^" 1 ) (5.42) 

Note that the right-hand side of (5.42) is in U for r > ^rz^- Thus for such r, by Young's 
inequality, if ^ = ^ + ^ — 1 one has a bound 

q = \\g*Q\\ q < C p , q ,s\\g\\ P (5.43) 
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One also has this bound when r = by the Hardy-Littlewood-Sobolev inequality, as 
long as p 7^ 1 and q 7^ 00. Stated in terms of p and q alone, we have that an estimate of 
the form (5.43) holds whenever - < - — 75^7 — i, unless - = - — J-i — i and p = 1 or 
q = 00. 

Given how e' was defined, our conclusions are therefore as follows. When m = 0, 
there is an estimate of the form (5.43) whenever | < | — ^ — |, except when | = ^ — 
and p = 1 or q = 00. When m = 1, there is an estimate of the form (5.43) whenever 
- < - — 4 — h- This concludes the proof of Theorem 1.5. 

q p 2e 2 c 
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